This paper presents a new hybrid finite element approach with fundamental solutions (HFS-FEM) as a trial function for modeling thermal behavior in perforated or cellular solids containing multiple randomly distributed circular holes with arbitrary sizes and locations, using special elements to reduce mesh effort. Based on the independent intra-element field in the element consisting of fundamental solutions and the frame field defined on the element boundary, the approach has characteristic features of elementary boundary integrals and versatile element construction by virtue of combining the new hybrid functional. Special purpose hole elements and regular elements are constructed using the special fundamental solution satisfying the specified hole boundary conditions and the conventional fundamental solution, respectively, such that the circular hole region can be modeled with a much smaller number of elements. Numerical examples including problems with single, double and randomly distributed multiple holes are considered and the results demonstrate the versatility, accuracy, and efficiency of the approach presented.
Introduction
Cellular solids like honeycombs, foams, cancellous bone, etc., are of considerable interest in engineering applications due to their superior thermal and mechanical performance. Generally, cellular materials in service may experience a considerable range of operating temperature and mechanical conditions. The presence of multiple holes and the interactions among them have significant effects on the overall thermal behavior as well as the mechanical properties of this class of materials, and thus need to be taken into account in detail. Because of the geometrical complexity, a number of numerical methods have been developed over past decades for solving problems involving multiple circular holes in an infinite or finite solid. For instance, Mogilevskaya and Crouch employed the Galerkin boundary integral method for analyzing multiple circular inclusions with perfect or imperfect interfaces Crouch (2001, 2002) ]; Duan et al. [1986] combined the direct boundary integral method with truncated complex series expansions to treat problems involving circular holes, and found that the asymptotic behavior for hole-to-hole interactions was similar to that of stress behavior near a crack tip, and that the convectional boundary element method (BEM) [Qin (1993) ] was not effective in capturing this behavior. Chen et al. developed a semi-analytical null-field boundary integral equation approach for torsion analysis of circular inclusions [Chen and Lee (2009) ] and elliptical inclusions [Chen et al. (2010) ], using the series form of fundamental solution in the polar coordinate [Chen and Wu (2006) ]. Additionally, the alternative method [Ting et al. (1999) ], indirect BEM ] and the complex boundary integral equation with a fast multipole technique [Helsing and Jonsson (2001) ] or series expansion technique [Dejoie et al. (2006) ; Wang et al. (2003) ] were also developed to treat large-scale problems with multiple holes of arbitrary shapes in an infinite plane, half plane and circular plate, respectively.
Compared to the boundary-type methods discussed above, which are usually based on boundary discretization and are difficult to solve in problems involving multiple materials, domain-type methods, in which the domain modeled by finite cells or elements does not involve any singular or hyper-singular integrals that appear in boundary-type methods, are more feasible in multi-component materials due to the material properties being defined in each element only. Among domaintype methods, the traditional finite element method (FEM) based on a suitable polynomial interpolation [Martin and Carey (1973) ] usually needs refined meshes near the holes to achieve the desired accuracy. To tackle this drawback, the hybrid Trefftz finite element method (HT-FEM), combining the advantages of FEM and BEM has been developed to solve such problems [Dhanasekar et al. (2006); Piltner (2008); Qin (1995 Qin ( , 2003 ; Qin and Diao (1996) ; Qin and Wang (2009) ; ]. In contrast to conventional FEM and BEM, the HT-FEM is a hybrid method which includes the use of an independent auxiliary frame field defined on each element boundary and an intra-element field chosen so as to a priori satisfy the homogeneous governing differential equations by means of a suitable truncated complete function sets, which can be obtained by virtual of the degenerate kernels in series form of fundamental solutions, as demonstrated by Chen et al. [2007] . Inter-element continuity is enforced by using a modified variational principle, which is used to construct the standard force-displacement relationship, that is, stiffness equation, and to establish linkage of the frame field and the internal field of the element. The property of nonsingular element boundary integral appearing in HT-FEM enables us to construct arbitrary shaped elements conveniently; however, the terms of truncated T-complete functions must be carefully selected to achieve the desired results, and it is difficult to generate T-complete functions for certain complex or new physical problems. Further, a coordinate transformation is required to keep the system matrix stable in HT-FEM, and the necessary variational functional is somewhat complex for practical use.
To address these drawbacks of HT-FEM, a novel hybrid finite formulation based on the fundamental solution, called HFS-FEM, was originally developed by Wang and Qin for solving two-dimensional linear or nonlinear heat conduction problems Qin (2009, 2010a) ], effective thermal property of fiber-reinforced composites using special elements [Wang and Qin (2011a) ] and isotropic elastic [Wang and Qin (2010b) ], orthotropic elastic [Wang and Qin (2011b) ], functionally graded elastic [Wang and Qin (2012) ] problems with special elements. In the analysis, a linear combination of the fundamental solution at different source points is used to approximate the field variable within the element. The independent frame field defined along the element boundary and the newly developed variational functional are employed to guarantee inter-element continuity, generate the final stiffness equation and establish a linkage between the boundary frame field and the internal field in the element. The proposed HFS-FEM inherits all the advantages of HT-FEM and obviates the difficulties that occur in HT-FEM, and thus has wider applicability than HT-FEM. However, the presented HFS-FEM is ineffective for handling problems with multiple holes, if the general hybrid element is just used.
In the work described here, we begin with the basic equation of HFS-FEM and apply it to solve heat conduction problems in cellular solids with multiple circular holes of arbitrary sizes and locations, by introducing three types of special circular hole elements. Then, independent intra-element and frame fields as well as a modified variational functional are constructed to yield final solution equations and determine all unknowns. The validity of the present work is verified by analyzing several problems with multiple circular holes of different sizes and arrangements, and the interactions among circular holes are studied in detail. To demonstrate the numerical accuracy, the results are compared with those from ABAQUS.
The paper is arranged as follows. It begins with a simple description of the heat conduction model, and corresponding fundamental solutions are provided in Sec. 2. Then, a solution procedure for the presented HFS-FEM is described in Sec. 3, providing an initial insight into this new finite element model, and three practical types of special circular hole elements are constructed in Sec. 4. Several numerical examples are presented in Sec. 5 to validate the proposed algorithm, and concluding remarks are presented in Sec. 6.
Statement of Heat Conduction Problems

Mathematic models
Consider that we are seeking to find the solution of a well-posed heat conduction problem in a cellular plane domain Ω (Fig. 1 ) measured in a global coordinate 
with the following boundary conditions
where u is the sought temperature field, q the boundary heat flux, X(= (X 1 , X 2 )) the position vector. n i is the ith component of outward normal vector to the boundary Γ = Γ u ∪ Γ q , andū andq are specified functions on the related boundaries, respectively. The space derivatives are denoted by a comma, i.e. u ,i = ∂u/∂X i , and the subscript i takes values 1 and 2 in our analysis. Additionally, the repeated subscript indices stand for the summation convention. For the sake of convenience, the boundary heat flux is rewritten in matrix form as
with A = [n 1 n 2 ].
Fundamental solutions
In order to perform numerical analysis using the proposed hybrid FEM and construct proper approximation fields, the fundamental solutions satisfying specified circular hole boundary conditions should be introduced.
(1) Fundamental solution without circular hole Consider a unit heat source located at the point z 0 = x 10 + ix 20 in the infinite domain ( Fig. 2(a) ). The fundamental solution N is required to satisfy the following governing equation associated to a unit internal point source applied at the point X 0 , which is denoted as z 0 in the complex space, in the infinite domain thus, the temperature response at any field point z = x 1 + ix 2 is given in the form
where Re denotes the real part of the bracketed expression, i = √ −1 the imaginary number. Obviously, the expression (5) shows its singularity at z = z 0 , which is an inherent feature of the fundamental solution.
(2) Fundamental solution with a centered circular hole It is known that the special fundamental solution or Green's function refers to the singular solution which is required to satisfy not only the governing equation (4) but also specified boundary conditions. Here, let us consider a unit heat source located at the point z 0 = x 10 + ix 20 in the infinite domain containing a centered circular hole with radius R (Fig. 2(b) ). In this case, the temperature response at any field point z = x 1 + ix 2 is given in the form [Ang (2007) ]
Re ln
for the case of N = 0 on the circular boundary, and
for the case of ∂N/∂n = 0 on the circular boundary. 
The Hybrid FEM with Fundamental Solutions
In this section, the solution procedure of the hybrid finite element model with the fundamental solution as an interior trial function is described, based on the boundary value problem (BVP) defined by Eqs. (1) and (2).
Nonconforming intra-element field
Inspired by the concept behind the method of fundamental solution (MFS) [Kupradze and Aleksidze (1964) ] to remove the singularity of the fundamental solution, for a particular element, say element e, which occupies sub-domain Ω e , we first assume that the field variable defined in the element domain is extracted from a linear combination of fundamental solutions centered at different source points (see Fig. 3 ), that is,
where c ej is undetermined coefficients, n s is the number of virtual sources outside the element e, and N (x, y j ) represents the corresponding fundamental solution involving arbitrary field x and source points y j defined in the local coordinate system (x 1 , x 2 ). Practically, the location of sources affects the numerical accuracy Qin (2007, 2008) ] and can usually be determined by means of the formulation [Young et al. (2006) ]
where γ is a dimensionless coefficient, x b is the point on the elemental boundary and x c is the geometrical centroid of the element. For a particular element shown in Fig. 3 , we can use the nodes of the element to generate related source points for simplicity, so that the singular sources locate on the pseudo boundary, which is similar to the element boundary, to achieve certain numerical stability. The corresponding outward normal derivative of u e on Γ e is
where
with
Auxiliary conforming frame field
To enforce conformity on the field variable u, for instance, u e = u f on Γ e ∩ Γ f of any two neighboring elements e and f , an auxiliary inter-element frame fieldũ is used and expressed in terms of nodal displacement vector, as used in conventional FEMs. In this case,ũ is confined to the whole element boundary, that is
which is independently assumed along the element boundary in terms of nodal DOF d e , whereÑ e represents the conventional finite element interpolating functions. For example, a simple interpolation of the frame field on the side with three nodes of a particular element (Fig. 4) can be given in the form
whereÑ i (i = 1, 2, 3) stands for shape functions in terms of natural coordinate ξ defined in Fig. 4 .
Modified variational principle and stiffness equation
Hybrid variational functional
For the boundary value problem defined in Eqs. (1) and (2) guarantee satisfaction of the inter-element continuity condition required in the proposed hybrid finite element model, a modified potential functional [Qin (2000) ; Qin (2010a, 2010b) ] is developed as follows:
in which the governing equation (1) is assumed to be satisfied, a priori, to derive the HFS-FE model. The boundary Γ e of a particular element consists of the following parts
where Γ Ie represents the inter-element boundary of the element 'e'. Appling the divergence theorem
for any smooth functions f and h in the domain, we can eliminate the domain integral and obtain the final functional for the HFS-FE model
Then, substituting Eqs. (8), (10) and (13) 
from which the optional relationship between c e and d e , and the stiffness equation can be produced
and
e G e stands for the symmetric element stiffness matrix. It is worth pointing out that the evaluation of the right-handed vector g e in Eq. (23) is the same as that in the conventional FEM, which is obviously convenient for the implementation of HFS-FEM into the existing FEM program.
Recovery of rigid-body motion
Considering the physical definition of the fundamental solution, it is necessary to recover the missing rigid-body motion modes from the above results. Following the method presented in [Qin (2000) ], the missing rigid-body motion can be recovered by writing the internal potential field of a particular element e as u e = N e c e + c 0 ,
where the undetermined rigid-body motion parameter c 0 can be calculated using the least square matching of u e andũ e at element nodes
which finally gives
in which ∆u ei = (ũ e − N e c e )| node i and n is the number of element nodes. Once the nodal field is determined by solving the final stiffness equation, the coefficient vector c e can be evaluated from Eq. (22), and then c 0 is evaluated from Eq. (26). Finally, the temperature field u at any internal point in an element can be determined by means of Eq. (8). 
Special Purpose Elements in HFS-FEM
One of the advantages in the presented HFS-FEM is to reduce computation time by using special purpose elements. Due to the use of two groups of independent interpolation functions in the HFS-FEM, we can construct arbitrarily shaped elements to be used for analysis. For convenience, we restrict our analysis to the following four element types (see Fig. 5 ):
(1) General 8-node quadrilateral element named E1, used for regions without any holes. (2) Special purpose 8-node quadrilateral circular hole element named E2, used for regions with holes. (3) Special purpose 16-node quadrilateral circular hole element named E3, used for regions with holes. (4) Special purpose 16-node octagon circular hole element named as E4, used for regions with holes.
Additionally, due to the geometrical symmetry of the circular hole, the specially constructed circular hole elements E2, E3 and E4 are also symmetrical; the side length is measured by a parameter a and the diameter of the circular boundary is denoted as D = 2R.
Numerical Examples
In this section, numerical experiments are conducted to study the thermal behavior of cellular solids and also to demonstrate the efficiency of the hybrid algorithm with special purpose hole elements. In these examples, the thermal effect due to the presence of a single hole, double holes, and randomly distributed holes in a square domain, as well as interactions among the holes, are investigated by means of the HFS-FEM. For simplicity, assume q = 0 on all circular boundaries and the thermal conductivity is taken as 1.
Square plate with a single hole
As the first example, a square plate with a circular hole centered at (1.5, 1.5) is considered. The geometry and boundary conditions of the computational model are shown in Fig. 6 . For the case of an insulated hole boundary, the mesh shown in Fig. 7 is used for the thermal analysis in this example. In Fig. 7(a) , only nine elements including eight 8-node regular quadrilateral elements (E1) and one 8-node special purpose hole element (E2) are employed. To illustrate the efficiency and numerical accuracy of the presented hybrid formulation, the results are compared to those from ABAQUS achieved with 782 8-node quadrilateral isotropic elements in the half model due to symmetry (see Fig. 7(b) ). Relative error defined by is used in the following analysis, where the temperature u is calculated at the point (1.5, 1.9) (u ABAQUS = 7.5231 at this point for the case of R = 0.4). The relative error affected by the selection of source points and element geometric parameters is investigated when the side length a of the special circular hole element is equal to 0.85. From the results shown in Fig. 8 we can see that the accuracy usually increases as the parameter γ becomes larger, removing the singularity of the fundamental solution used in the algorithm. Meanwhile, 12 source points distributed outside the element domain display a smaller relative error in temperature and better stability than eight source points, which brings a drop of about 0.5%. This phenomenon shows that the eight source points for the special element E2 is not enough to produce stable and accurate results, especially for the case of the aspect ratio a/D = 1.0625, which means that the element boundary is very close to the circular boundary, along which dramatic temperature variation occurs. Thus it is necessary to adopt more number of source points for special elements. This conclusion was also drawn in authors' previous works , 2011a , 2011b ]. Therefore, n s = 12 and γ = 5 are used for the special element E2 in the following computation unless special indication is made. In addition, it is important to evaluate the boundary effect on the performance of the element due to the presence of the hole. That evaluation then provides guidance for constructing a robust hole element. The boundary effect can be investigated using the concept of the aspect ratio of a/D, where a and D are respectively the side length of the element and the diameter of the circle. Figure 9 shows the variation of relative error in temperature at the point (1.5, 1.9) with the aspect ratio of a/D and a 9-element mesh subdivision (Fig. 7(a) ) for the element type E2. It can be seen that the relative error decreases along with an increase in the aspect ratio of a/D, as expected. The maximum value of the relative error with the smallest ratio of a and D (a/D = 1.0625) is only 2.8%, which is acceptable in most engineering calculations. Moreover, when a/D ≥ 1.3, the relative error is less than 1%. It should be pointed out that the approach to achieve better numerical accuracy by using a larger a/D may not be practical for problems with multiple holes. This is due to potential geometrical restriction (Fig. 1) . However, the developed special element can effectively capture the temperature variation for the case of smaller aspect ratio a/D which means that the circular boundary is very close to the element boundary. This performance of special elements makes us able to construct special elements with smaller aspect ratio to simulate the interaction of adjacent circular holes, even if the two holes are very close. It is also important to investigate the effect of nodal numbers on element performance. To this end, the special circular hole elements E3 and E4 with more elemental edges and 16 nodes are constructed (see Fig. 5 ), and the corresponding mesh divisions with 33 elements are provided in Figs. 10 and 11, respectively. Figures 12 and 13 display the temperature distribution along the circular boundary and the line X 1 = 1.5, from which it can be seen that the special elements E3 and E4 achieve better accuracy than the special element E2 in the case of a/D = 1.0625. The relative errors in temperature at the point (1.5, 1.9) are 2.8%, 0.4%, and 0.4% for E2, E3 and E4, respectively, for comparison. The numerical results also show that the HFS-FEM is insensitive to mesh distortion. Additionally, it is found from Fig. 13 that the results from both special purpose elements E3 and E4 are in good agreement with those from ABAQUS (see the dotted line in Fig. 13 ), although the number of elements employed is much smaller than that in ABAQUS (see Figs. 7, 10 and 11) . It is also found that the temperature at the point (1.5, 1.9) is 7.5540 in the presence of a circular hole and 6.3333 without a circular hole. The physical explanation on this difference is that the existence of the hole, whose thermal conductivity is nearly zero, may impede heat propagation from a higher temperature region to a lower temperature region, resulting in a higher temperature at the upper point and a lower temperature at the bottom point of the circular hole.
To characterize the global distribution of temperature, the contour of the temperature obtained through use of the special element E4 is plotted in Fig. 14 in which the effect of the circular hole on the temperature distribution is clearly demonstrated.
Square plate with double holes
In the second example, we consider the problem of two circular holes embedded in a square plate, shown in Fig. 15 . The circular holes are located on a line and have central coordinates (0.95, 1.5) and (2.05, 1.5), respectively, and both have the radius R = 0.4. Only half of the domain is considered in the computation, due to the symmetry of the problem, and 15 elements, consisting of 14 general elements E1 and one special element E3 with aspect ratio a/D = 1.375 (see Fig. 16 ), are used. Figures 17 and 18 present the temperature distribution along the boundary of the circular hole and along the line x 1 = 1.5, respectively. It is observed that good agreement is achieved between the results from the proposed HFS-FEM and those of ABAQUS, which used as many as 1094 8-node quadrilateral isoparametric elements. Compared to the case of a single hole, the maximum temperature on the circular boundary increases from 7.5540 (single hole) to 7.7417 (double holes), and the minimum temperature decreases from 2.4460 (single hole) to 2.2583 (double holes), as was expected.
Finally, the global distribution of temperature in the entire square domain under consideration is plotted in Fig. 19 , from which the effect of double holes temperature distribution is clear and the effect of simultaneous interaction between holes on the temperature distribution are observed.
Square plate with randomly distributed holes
As the final example we demonstrate the use of the presented approach for solving problems with multiple randomly distributed circular holes. To this end, consider again the same square plate given above, but with six randomly distributed circular holes named C1, C2, C3, C4, C5 and C6 (see Fig. 20 ). The central coordinates of C1, C2, C3, C4, C5 and C6 are (0.5, 0.5), (2.2, 0.6), (1.0, 1.6), (2.4, 1.6), (0.6, 2.6), and (2.0, 2.4), respectively. The radii of C1, C2, and C3 are assumed to be 0.4, and that of C4, C5, and C6 to be 0.3. Assume that all circular boundaries are insulated in the following calculation, and 52 elements, including 46 general elements E1 and six special purpose elements E3 are used to model the solution domain (see Fig. 21 ). The curve in Fig. 22 shows the temperature distribution along the circular boundaries of C1 and C6, and good agreement is observed again between the results from the presented approach and those from ABAQUS, which used as many as 5549 elements. Additionally, the global contour of the temperature field in the domain is given in Fig. 23 , from which we can see that the temperature distribution is more complex than in the cases of single and double holes, due to the effect of the holes and their interactions. The example demonstrates that by using the special purpose elements we can achieve a level of accuracy similar to that of ABAQUS, but using a much smaller number of elements. Obviously this feature can significantly save computing time.
Conclusions
This paper presents three types of special purpose elements within the framework of a fundamental-solution-based hybrid FEM for analyzing the thermal behavior of cellular solids with multiple randomly distributed circular holes. The special purpose elements are constructed by using the special fundamental solution satisfying the hole boundary condition. In the approach, all the integrations are performed along the element boundary only, and it is not necessary to refine meshes for the region near the circular hole. Three numerical examples are considered, including problems with a single hole, double holes, and randomly distributed multiple holes, to verify the proposed computational model. Numerical results from the presented model show good agreement with those from ABAQUS, but with a much smaller number of elements. Therefore the high accuracy and efficiency of the presented approach with special circular hole elements have been demonstrated. It is a promising method for efficiently solving large-scale problems with multiple circular holes. Moreover, it can be seen from the solution procedure described above that the present approach can conveniently be extended to solving cellular solids weakened by other shaped holes, if the corresponding kernel functions such as special fundamental solutions are available.
